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''pi ■ Abstract 

rr^. We consider a topological quantum mechanics described by a phase space path integral 

rS^ . and study the 1-dimensional analog for the path integral representation of the Kontsevich 

formula. We see that the naive bosonic integral possesses divergences, that it is even naively 

►^ , non-invariant and thus is ill-dcfincd. We then consider a super-extension of the theory which 

O^ , eliminates the divergences and makes the theory naively invariant. This super-extension 

*vj ! is equivalent to the correct choice of measure and was discussed in the literature. Wc then 

^^ I investigate the behavior of this extended theory under difFcomorphisms of the extended phase 

C^^ I space and despite of its naive invariance find out that the theory possesses anomaly under 

f^ I nonlinear diffeomorphisms. We localize the origin of the anomaly and calculate the lowest 
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nontrivial anomalous contribution. 
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1 Introduction 

The notion of classical symmetry is often changed when proceeding to the quantum world. 
Depending on the way one fixes the quantum theory, the symmetry can be preserved, de- 
formed or broken. In the path integral approach the symmetries are treated in the most 
classical-like way and the freedom of quantization consists in the freedom of choice of regu- 
larization, while in an operator approach this freedom consists in the choice of ordering (in 
both approaches quantum corrections are possible as well). 

When the symmetry can not be preserved one gets a quantum anomaly - a phenomenon 
widely known in the context of quantum field theories. Although this is usually connected 
with field theories in the even-dimensional space-time, in the case of 1-dimensional QFT - 
quantum mechanics - one still can find interesting effects that can be treated as anomalies. 

This is closely related to another possibility for the classical symmetries in quantum world 
- possibility to be deformed. In such case the classical symmetry seems to be broken and 
this can be treated as the anomaly, however symmetry can be restored by adding quantum 
corrections and thus replacing the notion of classical symmetry by some quantum analog. 

In the quantum mechanical case we know that the symmetries of the classical Poisson 
manifold are deformed at the quantum level in general. Namely, in the framework of defor- 
mation quantization one may be interested in the symmetries of a particular star-product. 
The classical symmetries form the subgroup inside classical diffeomorphisms of the Pois- 
son manifold and the classical diffeomorphisms do not preserve the star-product. Instead 
they change the star-product into the gauge-equivalent one (see the corresponding paper by 
Kontsevich [1]). 

The notion of difFeomorphism can be deformed via quantum corrections in order to make 
the star-product covariant under such modified transformations (see paper [5] where an 
appropriate modification is described and discussed in terms of Loo-morphism of Kontsevich) . 
This may indicate that the theory contains anomalies (as understood in the usual sense - the 
theory is non- invariant under classical transformations). 

We are going to investigate this in a current paper. The theory under consideration is 
a topological quantum mechanics with a classical limiting Hamiltonian system on a Poisson 
manifold (Hamiltonian is taken to be - that is the meaning of "topological"). We are 
going to analyze the covariance of this system. Covariance of the system can be thought 
of as a special kind of symmetry which means that the objects of the theory behave in a 
good geometric way like in the classical case (e.g. like tensors). If we had the covariance 
preserved then there would exist a covariant formula for the star-product in terms of the 
Poisson structure 9'^^{x) (i.e. the form of this formula in terms of 0^^ {x) would be invariant). 
However such formula doesn't exist, as we have stated before, which indicates the breakdown 
of covariance. 

We also may think in a following way. Kontsevich's deformation quantization is formu- 
lated in terms of the 2-dimensional QFT with quantum-mechanical observables living on 
the boundary (see |3 for the path integral formulation). However it would be instructive to 
reformulate the quantization procedure in terms of the 1-dimensional QFT, quantum me- 



chanics by itself. And one could expect that we have such an approach - a naively covariant 
path integral. Indeed, we have the simplest star-product - a famous Moyal product (which 
works for the case of the constant Poisson structure 6'*-' = const) : 

(/*M5)(-^)=/(-^)e^^'%(x) (1) 

Now consider a mechanical system with phase space M.'^ (where d is even), with time taking 
values on a circle t € S-^, i G [— 7r,7r] and with the Poisson structure 0*-' = const. A well- 
known fact (see e.g. [5] or [i]) is that the Moyal product can be written in terms of the path 
integral as a special correlator of the topological quantum mechanics, namely as follows: 

,. .,. ! P'^nti '^('^'(±^) - ^')f mi)) 9 m2)) e* ^ ^^^^f-^''^ 

where oj is the symplectic structure, i.e. it is inverse to the Poisson structure: tOijO^'^ — 6f. 
But this gives us a way to make a straightforward but naive generalization of the Moyal 
product to the case of the non-constany 9"^^ : 

r. _ jv^utiHfi±^)-^')fmi))9m2))eif'^ 

where a is a 1-form such that da = uj. From the naive point of view this formula could give 
us a covariant way to define the star-product for the case of an arbitrary 6^^ (x). And naively 
it could be invariant under diffeomorphisms. But we have discussed that there is no way 
to write the star-product on the symplectic (or Poisson) manifold covariant under classical 
diffeomorphisms without introduction of some additional structures. 

This indicates again that ^ is non-invariant in fact and contains some kind of anomaly 
responsible for this non-invariance. 

The goal of the current paper is to built the corresponding framework and to study the 
anomaly in the simplest case where it shows itself. We are not going to deal with the whole 
expression ^ yet, neither to check if it really is a star-product (i.e. if it is associative) - 
that will be the topic of the upcoming research. 



^In fact one can provide a naive reasoning for this formula. In [3] the following path integral representation 
for tlie Kontsevich quantization formula had been obtained: 



if*9){x)= f f{X{l))9{XiO)) 



eT^six,P 



with fields X and p living on a disk D^, three points 0, 1, co fixed on a boundary of the disk and with action 

S[X, p]^ f p. A dX' + h'^pi A pj 

J D2 ^ 

If one formally integrates over p's in this formula then aU the bulk-dependence naively drops out and we are left 
with a boundary theory: 

{f*9){x)=l VXf{X{l))giX{0))e^nI'^ 

J X(oo) = x 



with da = u! and with a special naive measure "DX = YitedD'^ \/detuj[X{t))d''^X{t). Although this is not exactly 
the formula ((3]), but rather the formula to be discussed in the "Super improvement" section, it is instructive to 
start with a "wrong" formula Q to see why it fails and only then study the naively correct one. 



In the chapter "Path integral for the phase space" it wih be shown that the object ([3]) is 
an ill-defined object in fact. A supersymmetric improvement of it will be provided as well 
as the regularization which is always crucial for the path integral. After such improvements 
^ will become well-defined and finite. 

We'll provide some illustrative calculations in the chapter "Examples" , namely we'll prove 
the formula ([5]), check the classical limit of ([3]) and show peculiarities of loop calculations in 
our theory. 

The chapter "Anomaly chasing" is devoted to the understanding of how the diffeomor- 
phism acts in our theory. We'll discuss how to perform diffcomorpism compatible with the 
regularization describing the two approaches for this - the naive one and the proper one. 
We'll obtain the anomaly in the lowest order of perturbation theory in the naive approach 
and then we'll explain its nature in the proper approach. 

Acknowledgements. The author is grateful to Andrei Losev for advices and discussions 
that played a crucial role in writing of this paper. The author is also grateful to Olcksandr 
Gamayun for useful remarks. 

2 Path integral for the phase space 

2.1 Naive bosonic approach 
2.1.1 Formulation 

In order to build a framework we should define a path integral J 'D(f)eTi J " at first, where 
(/)*(i) is a map (p : S^ -^ M where M is the d-dimensional symplectic manifold (d is even) 
with symplectic form uj = da and S^ is the time manifold. 

We'll provide a standard perturbation theory later and thus decompose the action into 
the quadratic and non-quadratic parts. But such decomposition makes sense only when 
AI = W^ - the property of being quadratic is purely coordinate and has no global meaning 
in the case of an arbitrary manifold. So we need to consider M = M'* as soon as we need a 
perturbation theory. There's also another reason for such a restriction related with measure. 

We have to define measure Vcf) in some way. There are basically two ways to do that - we 
can either provide time-slicing (i.e. lattice regularization) or provide mode decomposition. 
We are not going into details here - we just mention that the first procedure is ill-defined 
and needs some extra analysis in the case of the phase space. So we choose the second one 
according to which we have to provide Fourier decomposition of the fields: 

oo 

<P\t)= ^ Ce*"* (4) 

n— — oo 

where (f>l^ & C and (/>!_„ = (j^n (the requirement of reality of (f>^{t)) and then construct the 
measure in an appropriate way: 

i?0 ^ n n '^^n = n ^<^o n n ^^^nd^ (s) 

n i i n>0 i 



regardless if it is well-defined yet. 

Possibility to make this is the second evidence for the manifold M to be just R''. Indeed, 
Fourier decomposition ^ makes no sense until we can take linear combinations of the fields, 
which means that M should be a linear space. 

Next we put: 

a=i4°VW+e.(</>)d</>' (6) 

oj = da^ uj^fd(t)' A d(f>^ + de (7) 

where oj,- is constant and provide perturbation theory expansions in ei{4>). 

2.1.2 Non-invariance of the measure 

At this point we can already notice that measure (O is by no means invariant under dif- 
feomorphisms of the symplectic manifold. Indeed, if we provide a coordinate change, the 
Jacobian will appear and the general covariance will be broken: P^ ^ t^ T>(p' where t^ 
is a non-constant functional and thus it contributes into the correlators. So the answer 
obtained within such a prescription is not expected to be covariant. 

2.1.3 Study of ultraviolet divergences 

However, non-invariance is not the only pathology of the described object - the case is that 
it is divergent as we'll see later and even non-renormalizable in a standard QFT sense. 
Indeed, introduce diagram notations for the propagators of the non-interacting theory (arrow 
notation for the derivative is similar to the fat dot notation from the book [5]): 

° ((0'(ti) - x^) {^{h) - x^)) = — '-' 



\h)~x^)^{h)) = 



i, tl j, t2 



'^U\t,)^{t,)) = ':^ '''" 



where notation ^(...} means that correlator under consideration is the free one, i.e. of the 
quadratic theory. As soon as the action is of the first-order type So = J dt^ojijcji^cj)^ , we 
can conclude that in the momentum space the first propagator is proportional to the inverse 
momentum - , the second one is ~ 1 and the third one is ^ p. This means that every wheel- 
like diagram with equal number of internal derivatives (denoted by arrows) and internal 
propagators: 




is linearly divergent. Diagrams of the type: 




where the number of internal propagators exceeds the number of internal arrows by 1, are 
logarithmical divergent, but here we can notice that in the case of an odd-dimensional world- 
sheet (which is our case - it is 1-dimensional in our theory) logarithmical divergences do not 
occur due to the symmetries of the integrand. Indeed, expression of the type J . , . — ;^ 
is oc log A for even n and equals to for odd n. In the case of odd n the result depends on 
the form of the cut-off and thus the divergence is replaced by the ambiguity. But existence 
of an infinite series of the linear divergent wheel-like diagrams indicates that the theory is 
not just divergent but even non-renormalizable. One can find more detailed discussion in 
the Appendix A. 

So what do we see? Theory that looks very natural at the first sight happened to be 
extremely ill-defined. Although it was 1-dimensional it happened to be non-renormalizable 
due to the interactions containing derivatives. Fortunately all the troubles can be solved in 
a one simple step - that is the topic of the following subsection. 

2.2 Super improvement 

We can restore measure invariancc and theory finiteness by introducing a generally-covariant 
measure: 



V<|)^Y[^/detoJ{(|){t))d(|)\t)...d(f,'^{t) (8) 

t 

where d is even. A piece of luck is that all the needed counterterms to cancel the divergences 

are present in this choice of measure. To see that we'll lift the square root of detw by 

introducing an anticommuting real ghost field ip^ (in the spirit of [5] and [S| where the ghosts 

are intensively used in the configuration space theory): 

\/detw(0(f))- /dV''(i)-rfV'''(t)e^"'^'^^*^^^"^*^'^'^*^ (9) 



and thus consider a modified super measure 'Dcfi'Dil). 

Such measure has already been talked about in the literature in different contexts. Con- 
nection of covariant measure (|5]) and supersymmetric measure Dcj/D^ was discussed in ([7]) 
and (0) and essentially used in ([H])- 

One can notice without further considerations that an obtained extended theory with an 
action S ^ j dt {ai(0)(/)' + uJij{(p)ip'^ip^j possesses supersymmetry, i.e. it is invariant under: 

6(j)' = 9ip\ 6ip' = -9^' 

with 9 being small anticommuting parameter (see ([3]) again). However, we'll not need this 
property in a further consideration at all. 



The main advantages of the super improvement are manifest measure invariance and 
divergences cancelation. In this subsection we are going to define a quantum mechanical 
path integral based on such a modified approach and check its consistency. 

2.2.1 The construction 

Suppose we have a symplectic manifold (Af , uj) where M is a d-dimcnsional (d is even) smooth 
manifold and w is a symplectic form. We have already discussed before that there should be 
a linear structure on M in order to define a pcrturbative path integral with mode-regularized 
measure, so we consider M = Mf^. We also have a time manifold S^. Let us parameterize it 
by i £ [— TT, tt]. Consider a continuous and thus integrable map: 

(l>:S^^R'^ (10) 

This map is just a d-componcnt real boson field on S^ . We describe it in terms of its Fourier 
transform: 

'/''w-E'^"^"* (fc = i..d) (11) 

riGZ 

where 0^ are complex bosons with 

^-n=< (12) 

We also consider a d-component fcrmion field ip'^{t), i = l..d. We define it as a set of d 
time-dependent linear combinations in the infinite-dimensional Grassmann algebra: 

V''(i) = E^"e"* (A: = l..d) (13) 

nGZ 

where "0^ are fermion Fourier modes - the complex Grassmann variables (except of ipQ which 
is real) satisfying: 

i^-n = il- (14) 

Here we should notice that due to the reality condition ([T^ the zeroth boson mode 0q is 
real while (0i:0-i = (/A): (02i0-2 — 't'l)^ ^1*^- each takes values in C But as integration 
over fermions has a formal algebraic meaning (as opposed to the boson integrals that have 
analytical sense) we can think of them due to (1141) in two equivalent ways: either say that V'o 
is real and {ip\,ip'^_i = ip\), ("021^-2 = V'l) '^tc. arc complex, i.e. each form IIC or say that 
all the fermions ..., "0-21 "^-ij "^oi "01; "021 ■•■ ^^^ ^^^-l- We will prefer the first understanding 
due to its analogy to the bosonic case. 

We define the mode-regularized fields as follows: 

N 

n=-N 
N 

n=-N 



Notice that regularized bosons take values in M'' x C^'*, where 0q G M and (0^, < 
Fix the action functional: 



S[<l>, ^j] = f {m (0) 0' + w„- ((/-) V' V^' - ff (0) } rft (16) 



where uj ~ da and take a functional i^[(/>, ^/^J. 

Definition 1. Mode-regularized functional integral in the phase space is an expression: 

r ^ 
lN[F,S]^AiN) n [rf0^-d</''rf^^-dV'']i^[0JV>iv]e^^[^"''^"l (17) 

where integration over ^/s is understood in the sense of Berczin, integration over i^'s is 
provided throughout all the space K.'' x C^'' and A{N) does not depend on F[(j),ip]. 

We'll say that functional integral exists in the sense of niode-regularization if one can 
find such a function A{N) (that docs not depend on F[(j>,ip]) that liniAr^oo In exists. 

In practice we will understand (J17p in a perturbative way, namely we'll expand the non- 
quadratic part of the action into the Taylor series, integrate each term and understand 
existence of the path integral as existence of all the terms in the resulting formal series. 
When we choose A{N) = j h g, we get absolute correlators (averaged quantities): 
Definition 2. 

1) An absolute regularized correlator of F[(/), ip] is the following: 

In[F,S] 

2) A relative regularized correlator of F[(j>, tp] for a given functional G[(/), tp] is the following: 

In[FG,S] 
In [G, S] 

The appropriate limits A^ ^^ cxd (if they do exist) are called absolute and relative corre- 
lators. Notice that if the absolute correlator exists so does the relative one. 

In our main case of interest the Hamiltonian will be equal to zero II{(f>) = and we'll 
consider the following relative correlators: 

/pu /i\ In[Fi]x[(I)],S] 

iN[iixm,i3\ 
iT?\A /i\ V iN[F'nx[4>],s\ 

i^0,V' == hm -— p— — — 21) 

where rix[4>\ ~ Hi'^ ('?^'(''') ~ ^*) ^^'^ '^^ have introduced a widespread notation (...) for the 
correlator. 

Notice that in the classical limit iix[<f\ is nothing but an "evaluation observable" - it 
evaluates the value of the inserted observable F[(t)\ at the classical solution with 0*(7r) = x* (if 
such solution exists) - in our case such solution really exists and it is just (j)'^{t) = x* = const. 
If the inserted observable is the product of functions: F[(j)\ = /i (0(ii)) /2 (</'(i2)) •■•/« (0(^n)) 
then in the limit h -^ Q (j21[) gives rise to an ordinary point- wise product of functions evaluated 
at the point x: fi{x)f2{x)...fn{x). This will be proved in the section 3.2 where we'll provide 
the tree level calculation of such correlator. 



From technical point of view -q^ [</>] is an infrared regulator (zero mode regulator) - we need 
it due to the action J„i ^ujI, cj)^ cjy' dt being invariant under global translations 0* — !> 0* + c*. 

Then we extract the quadratic part of the action in order to provide perturbations. To 
do that we use dS])-© and get S = So + Smt where: 



S^^ I [ i^i°VV^' + c^l ■ V'^^^' I dt (22) 



2 *^ 



,(0),^*+de„VV}rfi (23) 



Notice that the choose of background ([22)1 is not coordinate- invariant, however it is 
preserved by the linear transformations as well as the linear structure on Al . 
Free correlators 

Consider free correlators, i.e. correlators of the theory with action ^q. Introduce appro- 
priate notations ^{...)ni °(---) (such notation have already been used in 2.1.3). We calculate 
them explicitly: 

°(0iv(ti)0i,(t2))jv - x'x^ + ihe'^^^GNihM) (24) 

Where 0(o) - (c^("')"\ GnitiM) = E^™=-jvG'n,me™*i+""*^ and: 



Gn,m = -^r-^^- ^-^{-ir + -(-1) 

Ztti \^ n n m 

Go,o = (25) 

The answer for -i/j's can be calculated in the same way and is given by: 



°(V'>^)^ = y^;^o)^ (26) 



or equivalently: 



ih 

N = 

where S^it) is a regularized delta- function: 



{i'Nitl)^'Nit2))N = -jOyNih - h) (27) 



1 ^ 

SN{t) = ^ E ^"* (28) 

In continuous limit: 

0{4,^(t,)r{h)) = 'p^^^S{t,-h) (29) 



And in dM]): 



0, i/ ti = TT or ^2 ~ T^- 

We should also notice that GN{ti,t2) = — Gjv(^2,ii) and: 

^^^^^^Sj,{t,-t,)-Sj,{t,-n) (31) 

oil 

Now we can use perturbation theory in order to compute correlation functions up to the 
fixed order in couplings. 

10 



It is important to note that when calculating perturbations we take self-contractions 
into account. Indeed, from one point of view there is no reason to neglect them. From 
another point of view if we ignored such terms we could possibly break covariance under 
diffeomorphisms and thus it would need additional analysis which we don't want to provide 
for the purposes of simplicity. 
We'll use the Feynman diagrams technics described above for convenience. 

2.2.2 Naive expectations 

The first pathology that is claimed to be got rid of by the supersymmetric improvement is 
measure non-invariance. Let us observe how it works from the naive point of view. From the 
expression p^ we see that fermions should transform like vector fields under diffeomorphisms 
(in order to make action a scalar), namely if we provide: 

0' = 0'M (32) 

then we should make a substitution in a fermion sector (here ■;/' is a fermion): 

But now we can observe that 

-1 



d'^(t){t)d'^i;{t) = 



dipi (t) 



dV 



dctM^ 



d'^ijj = d'^ipd'^ip (34) 



and thus naively conclude that in the functional case product of the standard boson measure 
and the Bcrczin fermion measure T>(j)'Dtp"='Yltd'^(j){t)d'^ip{t) is invariant under diffeomor- 
phisms. To get rid of the word "naively" one should reexamine it in a regularization (as 
the path integral is meaningless without regularization). We'll return to this question later 
when discussing the diffeomorphisms and regularization - we will find out that the measure 
is really invariant with some additional assumptions about diffeomorphism (to be discussed 
in the Anomaly chasing chapter). 

We've seen that the starting bosonic theory was divergent. Now we claim that the 
supersymmetric improvement solves this problem - the theory becomes finite. 
We can provide a loose argument of finiteness here. Since the theory is naively invariant 
under diffeomorphisms, we can find such coordinates Pi,q^ (as it is stated by the Darboux 
theorem), that a; = X]i=i dpiAdq'' and thus we can choose a ~ ^iLiPidl^ to make the action 
quadratic. But quadratic theory is pretty well-defined - we don't need any perturbations in 
it. So does the starting theory. 

The only possible divergences can arise if we consider some special divergent obscrvables, 
e.g. °((/)*(t)(/)^(i)) is divergent even in the quadratic theory. To get rid of such cases we'll 
consider only observables of the type fi{4>{ti))f2{4'{i2))---fn{4>{tn)) further. 

Our naive argument is straightforward but wrong as long as we don't know weather the 
mode-regularized theory is still invariant with respect to diffeomorphisms. Moreover, it will 
be shown that the invariance is broken but it's breakdown is finite and in some sense the 
argument above is not as bad. However to provide a successive theory we should find a 

11 



rigorous argumentation at this point. Wc will provide a detailed perturbativc analysis to 
prove the finiteness. 

2.2.3 Cancelation of divergences: loop analysis 

Consider correlation function of the monomial: 

{rih)...f''it,)) (35) 

We'll prove that ([55]) is finite and piecewise-continuous (i.e. it can contain jumps but not 

infinities). 

In order to do that we should describe diagram technics. It is almost the same as before 

except of existence of anticommuting ghosts. So we introduce notation for the free ghost 

propagator: 

, . '. ti I h 

\^\hW{t^)) = 

And introduce a new type of vertexes corresponding to the couplings of ^/^'s with 0's: 



■ j dt uj,j{4>)i;''^-^ 



where the number of external bosons is not fixed as in general case ei{(j))(l)^ interaction 

contains all the possible terms of the type -gdj^ ...dj^,ei{Q)4P^ ...(j)^''(jf. Now let us make several 

observations. 

Observation 1: Ghosts can occur only in loops. This follows immediately from that ghosts 

contribute quadratically to the appropriate vertexes. Thus we can neglect ghosts on a tree 

level. Moreover, every ghost loop is a circle with exterior bosonic legs. 

Observation 2: Propagator of bosons ([^5]) doesn't preserve momentum while vertexes as 

long as the propagator of ghosts ([25)1 preserve it. This is natural because we've broken 

translation invariance on a world line when regularizing 0-mode by the (5-function. 

Observation 3: All tree-level diagrams are finite. This statement holds because the tree 

level reproduces the classical answer which is definitely finite - the argumentation is standard 

here. At the tree level one can safely take a limit TV — !■ oo and work with integrals of 

distributions - everything happens to be well-defined then. 

So wc have to check possible loop diagrams and prove that their sum is finite. 

Observation 4: There are no logarithmic divergences in theories with an odd-dimensional 

world-sheet - instead we have logarithmic ambiguities. We have already mentioned this in 

the section 2.1.3. 

So now all we need to do is to show that loops do not give rise to the linear (or higher) 

divergences. There exist three types of loops in our theory: ghost-loops, non-ghost-loops 

and loops containing both ghost and non-ghost fields. But as soon as ghosts always form 

loops, it is enough to show cancelation of such loops - then we'll get rid of ghosts at all. 

Finiteness of correlators will follow from this immediately. 

12 



A step- by-step loop analysis can be found in the Appendix B. Here we only state that the 
main effect is that both divergent bosonic loops and ghost loops contain 5n{0) divergences, 
that are in fact linear divergences as 6^(0) ^ X^-w 1- Then we find that to every ghost loop 
there corresponds a set of divergent bosonic loops with the same number of external legs. We 
evaluate them for the finite N and find that divergent parts (i.e. expressions proportional to 
TV) cancel out and we finally get what we needed. We can take a limit N ^ oo safely at the 
end. The diagram illustration is as follows: 




.r^. 



V J ■ . • — = finite 

So we have shown that our super-improved approach gives rise to the finite theory. However 
in the Appendix B this is discussed only in the case of some special system - quantum 
mechanics on a circle with zero hamiltonian and with delta-function fixing fields at t ~ tt. 
This can be generalized to an arbitrary non-zero hamiltonian in a straightforward way. We'll 
not show this explicitly but only give an idea. 

Divergencies will always arise from the non-ghost loops with equal number of internal 
propagators and derivatives (internal arrows). The point is that propagator of the type 
(0*(i)0^(O)) always contains jump at i = as soon as limj^+o [(0*(*)0^(O)) — (0^(^)0^(0))] = 
ih{0'^^) + 0(h^) due to the usual quantum mechanical correspondence principle. This jump 
gives rise to the (5- function after differentiation which causes the (5Ar(0)-divergcncy after all. 
And such divergencies are exactly canceled by the ghost loops. Finally we get a finite one- 
dimensional quantum field theory as expected. 

Notice that from the "Naive expectations" subsection we know that finitencss follows from 
the invariance. We have shown that the theory is finite. Then it still can be invariant or 
non- invariant. We'll check which case is true in the "Anomaly chasing" section. 

3 Examples 

3.1 Free correlation functions 
3.1.1 Propagators 

The free propagators are described by the formulas ((24)) - (j30|) . Notice that Gn,m has such a 
form that 

N 

J2 G„,™e*("+™^* = (36) 

n.m— — AT 
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and thus in our prescription we have G{t,t) = G]\r{t,t) = 0. As we have already mentioned, 
G(t, tt) ~ G{tt, t) = and so the propagator has the structure as foUows: 

G(t,t,) 




As this function is not smooth and we often deal with operations that demand smoothness (or 
at least differentiability), we should always be careful and work with regularized expression 
(with cut-off parameter N) which is smooth and take N ^ oo limit only at the end. 



3.1.2 Regularized delta- function 



In 



In a section 2 we have introduced a regularized delta-function Spfit) = ■^'Ylin=-N ^ 

the current subsection we are going to collect some of its elementary properties as long as 

they will be widely used below. 

1) According to (j28|) the function 5M{t) is normalized in such a way, that 



5N{t)dt = 1 



(37) 



2) 5]\f{t) acts like a real delta- function on the space of functions, which Fourier transforms 
have the support lying inside the set {—N, ~N + 1, ...,N — 1, A^}, i.e. it acts like a real delta- 



function on the space of Fourier polynomials span{e 



-iNt -i{N-l)t 



ANt 



}. Indeed, if we 



,7V 



have P{t) = Y.k=-NPke'^ t^^en 



P{t)5N{t^to)dt 






^N 



Y.n.k=-NPk^k+ne- 



^N 



j:L-NP'^^""'' = pito) 



iNt p-i{N-l)t 



(38) 



oiNt^ 



3) S^it), integrated with an arbitrary function, projects it on the span{e' 

subspace and acts like a real delta- function there. Indeed, consider the function f{t) = 

Er=-oo^e»'*-Then: 



f{t)dNit~to)dt 



= i:L-Nhum 



*°dt 



^N 



l^n=-N J-nG 



^N 



Ely r 

n=-N JnS 



into 



(39) 



Where the last expression is nothing but the function f{t) which higher modes have been 
cut-off. It is convenient to introduce the following notation for this projection: 
Notation: 



N 
[f]N it) = E /fe^'"* = J fit')5Nit' - t)dt' 



(40) 



k=~N 
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3.1.3 Moyal product revisited 

Now we want to show that the correlator ^ {fi{(t>{ti)) f2{<t>{t2))) gives rise to the famous Moyal 
product as mentioned in the introduction. But first we should note that ^{(jf{t)) — x^ and 
asO((0*(i)-x*)) =0: 
Observation: Wick theorem is held only for monomials over the variables (/)*(t) — x% e.g.: 

+ O((0*i(ii) -x'0(</>»3(i3) _^.3)) °((r (^2) -a;*^)(r(i4) -:r*^)) (41) 

As soon as G(t,t) = and "((^'(ti) - x'){(l>> (t2) - x^)) = ihe'^^-^GihM), we have °{{(j)\t) - 
x'^){(l>'{t) — x^)) ~ and thus it is straightforward to show that "(/((/)(i))) ~ fix). After 
this comment the derivation of the Moyal product becomes trivial - we provide a Taylor 
expansion around 0* = x': 

° (/l(0(tl))/2(0(t2))) - fl{x)f2{x) + dji{x)d,hix) ((^Xil) - X^){<l^^ih) - X^) + 

+ -^d.,AJiix)d,A2f2ix) ° ((0*Uii) - x^'WHh) - x^-){4>^-{t2) - xn{ct>'nt2) - x^^-))+. 

= h{x)h{x) + d.J,{x)d,f2{x) ° (i^^h) ~ X^){(l^{t2) - X=)) + 

+ ^dndUi(x)d,,d,j2{x) " {{rih) - x^')(<^^{t2) - x=')) " ((r (ii) ~ x^^){<|y>^{t2)~x='))^ 

= fl{x)f2{x)+d,h{x)d,f2{x)tn9ll^G{h,t2) + 

+ l^d,AJiix)d,,d,j2{x)in9l'^'Gih,t2)ihel^'G{h,t2) + ... 

= /i(x)exp {iht^ef^/,G{h,t2))f2{x) (42) 

If ti > t2 then 

° {hm,))f2m2))) = /i(x)exp (^A%el^f^f^{x) (43) 

which is just the Moyal product. 

3.2 Perturbation: the first order in h 

It is well-known that the tree level of the perturbation theory is of the first order in h and 
reproduces the Poisson structure. However there exist loop diagrams that could contribute 
to the 0{h) part of correlators and could spoil this property. These loop contributions would 
definitely fall out of the commutators, as the commutators have to give the Poisson structure 
in the first order in h. In this subsection we check that such loop contributions vanish in the 
0{K) and that in the first order in h correlators give rise exactly to the Poisson structure. 
To figure out this we act as follows. Consider: 

/i(0w(ti))/2(0iv(t2))cxp U!{e,{M4>N + {de)^,i>'M^'I^ dt)) 
^ '^ i lUL (44') 



/ |ej(07v)0]v + ide)>.j^N^N\ dtj 



°'°^P^H. , .. ,.., . ,. ^ 
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Observation: We have the following: 

" /(0V(i) - ^') exp (^ / {e^iM<i^]^ + idehj^N^'j^} dt 



N _ /0/fc2 



0{h') (45) 



(exp (l / {e,{^N)^]^ + {deh^rNi^'j^} dt) ^ ^ 

The absence of the 0(1) term is obvious - the only sueh contribution is " ((0jv(O ~ •'^^)) n ~ ^' 
0{h) contribution arises from the following graphs: 





(46) 

The appropriate analytical expression of the n*'' order contribution is proportional to: 
(^(0)%'%' ■ ■ ■ %'dk{de),,,, [de],,,, . . . (de),„,„ x 



X dti . . . dtn 



[SNih - h) - 5N{t2 - Tt)) (5N{t2 - ts) - 6Nita - ^)) 



: [SNitn - il) - '5jv(tl - Tt) j - SN{tl - t2)5N{t2 -h) . . . 5N{tn - h) 



GN{t,h) (47) 



and vanishes due to GAr(t, tt) — (as soon as GN{t,t') as a function of t has the support 
{—N, —N+1, ..., A^ — 1, N} in the Fourier space, we can take into account the second property 
of dN{t) and work with S^it) as with the standart delta- function in (|T7|) '). Now consider: 

° {{^%ih) - X') (<^;^(t2) - x^) exp (l / {e,(0^)</)5v + ide),,rN^'^} dt) )^ 

(48) 



(exp (l / {e,((/)Ar)0iv + (de),yV?v^^} dt 



N 

The 0(1) term is absent again, while the 0{h) term is given by the sum over the tree 
diagrams: 



We should notice that every -*-^+ -•^- pair gives rise to the de{x) factor after integrating by 
parts. So the appropriate analytical expression is: 

ihelfit^M) + ^M^-^ {d,,e,, {x) ~ d,,e,, (.t))0|^j" ^ Git,,t)^^^^^dt+ 

+^m^{de),,,,9l^ (de),,,0fg; I G{t,,t)^^^^^^dtdt' + ... 

= ihGitiM) (^(0) - ^(o)rfe0(o) + 0(o)de0(o)de0(o) - ...)'' = ihG{tut2)e'^ (49) 

where 9 ~ (a;'"' + de\ and we omitted the obvious index notations inside the last brackets. 

We used PT|) here. Notice that we took off the regularization in (P^ . i.e. put iV = oo - it is 

acceptable at the tree level as it is well known in QFT. Taking into account (j49p and that 

GN{t, i) = we can conclude that (|48)) vanishes in the case ti = t2 = t. 

One more thing to mention is that higher degree monomials in 0*(t) — a;* (higher than 2) 

giver rise to the O(ft^) terms and thus can be neglected. 

Now it's easy to see that: 

°(/i(0(ii))/2(0(t2))cxp(f/{e,(0)0' + (de)„-#^J"}rft)) 

7 T-. T : s — \^ = h(.x)f2{x) + 

^exp i^\ J |e,(0)0^ + (de)y^»7/.JJ dt 
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°\^^P\h 



/|e,(0)0» + (de),ji/;'V^}rft) 



+Oih') = hix)Mx) + '^e'Jd,h{x)d,h{x) + 0{K') (50) 

where we have assumed that ti > ^2- As predicted, the 0{h) term of the correlator (the tree 
level term) is nothing but the Poisson structure. 

3.3 Loop calculations 

In this subsection we will compute the simplest loop diagram to demonstrate some special 
features of the subject. 

3.3.1 Anomalous vertex: first order in e 

In the first order in perturbation theory loops can be obtained only by self-contractions. 
As long as ^ {{(i)'^{t) ~ x') U^{t)-xA)N = 0, only °{{(l)]^{t) ~ x') <j)^j^{t))N contraction 
contributes. Therefore we are left with the following diagrams: 



We will think of this as of a part of the bigger diagram. The analytical expression is: 

+d,,..AAde{x))^^ "(^^(OV''wW)jv) (51) 

^ {(jy^cfp) is proportional to 0^^ and therefor is antisymmetric in i,j. So we can rewrite (|5ip as 
follows: 

'1 



2 






(52) 



~ jdt (</)*^(i) - x^^) ... (0i{?(t) - x'") 9,,...a.„ {de{x))^^ 



The expression inside the square brackets is: 

\ '{f^{t)<p%{t))^ + '{rNmut))N = '-^% [5N{t -n)- s^{o) + s^m 

^'-^ey^it-n) (53) 

where SN{t) is a mode- regularized J- function ([25)1 and we have used ([5T|) . Substituting ([5 
into ([5^ we get an effective n-boson vertex: 




(54) 
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we can rewrite it using our projector: 



^« = -^r?^n-5,„ {de{x)),^ 0%. [(</.^^ - x^^) ... (0^^ - x^")]jv W (55) 



and then notice that: 

^ = E^" = -2^(0)['^'^^^'l^^^^ (56) 

ri=0 

which is the claimed anomalous vertex as we'll see later. The contribution depends on the 

number of legs n. 

Single leg case 

In a case n = 1 ((55|) gives rise to the following: 

Fi = -ia,, {de{x)),^^ el^ [0^ - x»% (tt) == -ia., (de(x)),^. 6%^ (0^^(^) - x'^) = (57) 

Here we used: 

[0iv]^(i)='/'iv(i) (58) 

The last expression in ([57)1 vanishes due to the delta- function fixing 4']y{TT) = cc'. 

We could also contract this single leg to the external field 0''(ti), then the left-hand side 
of ([57| would be proportional to 

GNiti,t)6N{t - Tr)dt = GN{tuTT) = (59) 

Notice that although expression J G{ti,t)6{t — TT)dt is ill-defined {G{ti,t) is discontinuous 
at i = tt), we still can make sense of it and say / G^iti, 1)6^(1 — Tr)dt ~ GN{ti, tt) = in a 
mode-regularization sense - we've already used this in the section 3.2 when explaining that 
the diagrams (|46p didn't contribute. The situation will be pretty different with two or more 
legs - the delta- function 6N(t) will not contain enough modes to make naive identities like 
j GN{ti,t)GN{t2,t)5N{t-t')dt = GN{ti,t')GN{t2,t') correct. 
Two and more legs case 
Consider 

V2 = -\j dt (0i^(i) - x'') {(f>'^{t) - x'^) d,A. {de{x))^^ OH^SNit - tt) (60) 

which is no longer zero because in the Fourier space the support of ((/>5v(0 ^ 2;*^) {(p^^{t) — a;*^) 
is {-2iV,...,2iV}. 

To see this in a different manner let us contract the two exterior legs from (j60p with 
exterior fields (p%{ti) and 05^(^2): 



a, ti b, f2 
o 



This gives rise to: 



W%]%d,id,2 ide{x)).^^ / GNita,t)GNitb,t)SN{t - 7r)dt (61) 
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Introduce a notatio: 



A 



N-^oo ™ - • "' N^oo 



A^^'>(ta,h)= lim A^^\ta,h)^ lim GN{ta,t)GN{h,t)SN{t - Tr)dt (62) 



The statement that (IBU]) reaUy contributes means that A^^^ ^ and we finally get: 

°(0^(ti)V^20^(i2)) = f e(o;^(o^^;'o)5na.. {deix))^^ A^'\ta,h) (63) 



This answer will be crucial for us as it will describe the lowest anomaly in our theory. 



3.3.2 Nontrivial integral 

We introduced the function A^^\ti,t2) above. Understanding of it's behavior is important 
to understand the anomaly that will be discussed in the last section of the paper. 

Let us demonstrate some special issues of this function. One could naively think according 
to ([5^ that the limit can be safely taken at the very beginning and that A^^'>{ta,tb) = 
J G{ta,t)G{tb,t)6{t — TT)dt, but this expression is ill-defined as G{t',t) contains a jump at 
t = IT. To be more consistent let us consider the following: 

^NlN,ita,tb) = f GNAta,t)GNAtb,t)6N,{t - n)dt (64) 

and observe how this behaves when A^i, N2 — > 00. From one point: 

,(2) 



^lim^ Ay_^j^A''^a,tb) =limNi-yoo J GNiita,t)GNi{tb,t)6{t - Tr)dt 

-W2 . „ 

= limjvi^oo Gni {ta, '^)Gni (4, tt) = (65) 

From another point of view we could do the following: 

lim A^' ^ {ta, tb) = lim / G{ta, t)G{tb, 1)6^, (i - n)dt (66) 

JV2^°° 

But we know the behavior of G(t\t) in the vicinity of the point t = tt - it is constant and 
equal to —^ to the left, constant and equal to ^ to the right and vanishes at < = tt. Thus 
G{ti,t)G{t2,t) is constant and equal to 7 at the vicinity of t = tt except of the point < = tt 
itself where it vanishes. But integration with a smooth function S^^ {t — it) is insensitive to 
this single discontinuity and thus we conclude that: 



^(2) .... 1 



,J™ <,.w,(^-'M = 7 (67) 

JV2 ^'^ 

So what have we got? The answer depends on how we take the limit and thus we cannot 
put A^ = 00 at the very beginning. We should compute (j62p and take A^ ^- cx) at the end. 



In the n-legs case we'll obtain the similar integral: 

A'"'(fi,t2,...,fn)= lim / Giv(fi,f)Giv(t2,i)...Gjv(tn,t)5jv(i-7r)di 



iV— J-OO 
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Let us do this in details. Substituting Fourier transforms of propagators and delta- 
function into (p^ one gets: 



N 



^i^'(ii,i2) 



E 



/ r' initi+imit/^ „in2t2+im2t ip{t-TT) jj. 

ni.mi ,n2,m2,p—^N 

N 

initi+in2t2(~i /-i l_^\P!i 

^ ^^n\ra-i^^n2m,2\ -*-/ ^mi+7Ti2-t-p 

ni,mi ,n2,rrt2 ,p— — N 

N 

rii ,mi .n2 ,m2 — — N 



E 



(68) 



where we used the notation 5{true) = 1, d{ false) = and the fact that if mi +TO2 +p = for 
\p\ < N then jmi + 7712! < N. Substituting expression for Gnm and providing computations 
we get: 



1(2) 



('.>«-75^ t fc;=i^ (..*-- I) (.."<..-. -1) + 



a=-Af 



-'^ in{ti —7r)-\-im(t2 — 7r) 



{2nY 



E 



(69) 



1^0 



It's difficult to study the limit iV ^^ 00 in the complete expression (p^ for A^^^ but we can 
take a roundabout and compute yl(^)(0,0) and J A^^\ti^t2)dtidt2 rather easily. Then we'll 
check the full answer numerically. 



A^^\h,t2)dtidh = - Y. 



6{\n + m\ <N) 



,m=-N 



nm 

N 



N 

E 



1^0 



1 6{\n + m\>N) 
nm nm 



- E 



d{\n + m\ > N) 



.^0 



-2 E - 

{n.,m)^DN 



(70) 



Where Dpf is a region illustrated below: 

iAT7 




lim 2 V == lim 2 V -^ 



A7— s-oo 



{n.m)GDN 



nm N^oo 



iP.^D.TiwNN 7(,,,),^ :ry 



dxdy 



(71) 
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Where we we've replaced an integral sum by the appropriative integral and the region D is: 

1 




Then we can find: 



N 



We can also find: 



lim I A^^\ti,t2)dtidt2^2 [ 

f^ooj Jo 



dx f dy 



X Ji-x y 



^ f dx , ,^ . TT 

2 / _ln(l-x) = - 
Jo ^ -J 



•^^.oj-i E ;i-i E 



1 2 2 

27r2 ^^ nm 2tt^ ^ '^NN 

n.m — odd n.m — odd 



(72) 



(73) 



(74) 



From where we see: 

^'™ ^^(«'0)-2.^4,),^ xy -12 

Comparing ([71)1 and ([7^ and noticing that ^^ = ^ one could suppose that A(ti,t2) is 
equal to jj everywhere except of ii == tt or ^2 = '"' where it vanishes. Such prediction has 
been checked numerically and turns out to be correct. So we conclude that: 

t^j "if ti ¥" '^ fl-iid ^2 7^ tt; 



^(2^*1,^2) 



0, otherwise. 



(75) 



What is interesting is that the obtained value lies between the two naive predictions: < 



12 ^ 4- 



3.4 Conclusion to the section 

In this section we provided illustrative examples of path integral approach for the phase space. 
The experience obtained is that all the quantities are well-defined at the tree level, i.e. up 
to the first order in h. At this point the answer happens to be background-independent and 
the Poisson structure is really restored as expected. However the situation becomes more 
complicated if we take the loops into account. Naive arguments don't make sense any more 
- we have to work carefully with respect to the regularization. 
We can also notice that (j63|) deforms the Moyal star-product: 



{fliHh))hm2))) = "(/l(<^(tl))/2(<^(t2))) + 

+^^m^W%'^n^^, {de{x)\,dah{^)d,f2{x) + o(e) + o{h^) (76) 

which is obviously non-invariant under diffeomorphisms and indicates that there is some kind 
of anomaly present here ~ that is the topic of the next section. 
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4 Anomaly chasing 

In this section we are going to analyze our theory behavior with respect to the target-space 
nonlinear diffcomorphisms. We will show that it is not invariant due to the UV cut-off being 
non-invariant under such diffeomorphisms. 

For the purpose of simplicity we will put x' = when providing concrete calculations 
starting from the subsection 4.2, i.e. all the fields will vanish at t = tt. We shall also assume 
throughout this section that ei{ip) is a real analytical function whose power series starts from 
the quadratic term. The same assumption will be about w*((^) (the vector field describing 
our infinitesimal diffeomorphism - to be introduced soon). 

There are two ways to act with diffeomorphism in a theory with regularization: we either 
provide naive continuous diffeomorphism and then regularization or provide regularization 
first and then make diffeomorphism in the finite-dimensional space of regularized fields; this 
finite-dimensional diffeomorphism imitates the real one in the N —^ go limit. We'll refer to 
the first prescription as to the naive one and to the second - as to the proper one. 

4.1 Naive prescription 

We provide a classical diffeomorphism first: 

(j)' = if' + ev\ip) (77) 

ij' ^i'' + ed.iv'{ip)ij^ (78) 

and study corresponding Ward identities. 
We make the following naive assumptions: 

1) Supersymmetric measure is invariant - a rather natural assumption. 

2) Delta-function regulator is invariant. This should be explained. The delta-function 
transforms as follows: 



6 (0(7r) -x) =S {ip{tt) + ev{(p{TT)) -y - ev{y)) 
5{^{TT)-y) S{ip{TT)~y) 



(79) 



\det [(5;. + edjv' ((^(^))] I \det [(Sj + eO^v' (y)] \ 

where x' = y* + €v^{y). We see that the rj^, — ^T multiplier is naively constant as delta- 
function guarantees (/3'(7r) = y^, hence it is canceled out from the correlators and we can 
think of the delta-function as of an invariant object at this pointo. 
3) The action transforms in a classical way: 

S = n^iolf^'^' + e,(^)^' + eujlfv\^)ip^ + e(£.e),<^4 dt + Sf (80) 



3 



However when we provide a proper approach, we'll see that the last equality in (|79|) will not be true. The 
case is that delta-function non-invariance t r^ — ., , . i under correlators will sive rise to expressions like 

\det[S^.+edjV'-(^(n))]\ ^ ^ 

{ip{t)ip{-n)) {ip{t')ip{-n))5{ip{-n)) that are naively zero but in fact do not vanish as we have seen in the "Anomalous 
vertex" subsection - because propagator contains jump at t = tt. 
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Where the fermionic part of the action: 

Sf=f {4°'^V' + (rfe).y?V^^' + 2e4°^9,i>^V^V'' + e(A,rfe),,^V-'' } (81) 

where Cy is a Lie derivative with respect to the vector field v along the diffeomorphism. 
4) The inserted observables also transform classically: F[(j)] -^ F[ip] + e/ g t v^. 

At the end of the day we provide mode-regularization, namely use (jlSp . After all these 
procedures have been done we extract the first order part in e and assume it to vanish (if 
the invariance is not broken) - that is the way we get the Ward identities. If the identity 
does not hold - we get an anomaly. 

4.1.1 Ward identities and their breakdown 

We start with a general interacting theory and are interested in a two-point correlation 
function: 

..a.,,... /P^PV.^"(^,)/(^.)e^^{^"'>'^^+-'^^^'-^^--}^(^'(.)) 

/l?0PV'e^-^^^"-*''^'+'-^*^'^'+^'™-/<5(0H^)) 
and provide the classical diffeomorphism ([77)1 - ((75)) . After that the action transforms into 
((M)) . the measure remains the same, as well as the delta- function (as explained above). 
Observables transform as follows: 

riti^\t2) = ^''{h)^\t2) + e^'^it^yfi (^(i2)) + e«° (V'(ti)) f\h) + o(e) (83) 

Then we extract the first order in e and assume it to vanish as long as we naively await that 
coordinate change does not affect the result. Namely the following: 

(|<p"(ii)/(i2) (l + et / {wl°^^V^ + {CveW + fermions} dt^ + e ((^"w'' + v>'')^ 

7 ? ^ \ (^^) 

1 + e /f / |a;|°^wV^' -f (/:„e),(^'' + fermionsj dt\ 

should coincide with {(f)°'{ti)<j>^{t2)). That is the way to get the Ward identity: 

, . . naively 

+ U''{h)^''{t2)^ I [ujlfv'^^ + {C,e),^' + fermionsj dt) = (85) 

where the lower index "a6" in the last term means that we should not contract 0°(ti) with 
(/)^(t2) - the appropriate term is canceled out by the denominator in (j84[) . 

All the propagators of our theory are defined in a perturbative manner. That means that 
(j85p is not just a single identity - it encodes the whole series of identities written in terms of 
the correlators of quadratic theory (...)o: the zerotli order (in e{ip)) identity, the first order 
identity and so on. We will need only the zeroth order one for our purposes. Let us extract 
it explicitly: 



^^^v") + °(^;>^) + ^J "^^"(ii)/(i2)|^g^«'(^(t))9i^'(i) + 
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naively 



+2J°Jd,v''{^{t))i^\t)i^^{t)\) dt = (86) 

) / ab 



where index "a6" again disallows contraction between (p° and ip''. We will examine this 
identity below. 

4.1.2 The zeroth order Ward identity 

We already stated in the introduction to the chapter that we were interested in nonlinear 
transformations and that v'^(ip) (being thought of as a real analytical function) was a power 
scries starting with quadratic terms: w'((/3) ~ ^dadbv'^{0)Lp°-ip'' + .... Analogously we've stated 
that ei{i.p) ~ ^dadbei{0)(p"'ip'' + .... Taking these into account we conclude that the first two 
terms in (|86p vanish as long as there is cither odd number of fields inside the correlator or 
self-contractions of u* (which do vanish) present. So we are left with the third term. 

If we compute it explicitly we will get an answer that will be a formal power series in h. 
Then vanishing of it means that every coefficient of this formal series vanishes. It's easy to 
see that this series starts with the 0{h^) - we will calculate only such term. One can see (by 
observing that there should be 6 fields inside the correlator) that 0{h?) term comes from 
the cubic part of v^(ip). The only possible contraction in such term (that do not contain 
self-contractions of w* which vanish) looks as follows: 

y '{ip^[h)v\t)) °(^''(t2)^^(t))|4°)9,9.9fet;'(0) \^\t)^={t)) + 

,(0) 



+2uj'^>didAv''{0) ^{r{tW{t)) >dt (87) 

But it is easy to notice that this expression describes nothing but the two-legs case with 
self-contraction considered in the "Anomalous vertex" subsection, namely it corresponds to 
the diagram: 




, h b, fj a, tj b, (2 



So to write an answer for (|87p one may just use the result (j63p and make the substitution 
{de)ij -^ d{LL)f,Jv''d(pP)ij — uj\.^diV^ — uj],^ djV^ in it. So we get: 

= -fi^Ol^/(^)d,,d,,d,v\Q)A^^\hM) (88) 

where we used ^lfo^,t = (5f . But we know that A'^^^tl,t2) ^ 0. So 

-h^ei^l9l^^d,AAv\o)A^^\h,t2) + (89) 

and finally we see that the naive Ward identity is not valid. 
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4.2 Proper prescription 

However we could act differently. We could go to the regularized fields ([T5|) first and then 
provide diffeomorphism in terms of their Fourier modes. If we put naively: 

<l>'j,{t)^^],it)+ev'{^M{t)) (90) 

then we'll see that (j)^ and fN connected in such a way can't have an equal support in the 
Fourier space. Indeed, if the support of ip]^ is {— A^, •••,-/V} then (j)]^ will necessarily contain 
modes higher than A^ for the case of general diffeomorphism. Only linear transformations 
do not generate higher modes but if we are interested in a non-linear transformation (and in 
fact wc are) we will always get these higher modes. 

The most straightforward way to solve this problem is to throw away these higher modes 
and to say that the {—N,...,N} part generates the regularized diffeomorphism. We can 
write down this as follows: (j)']^ — (p']^ + e [w'((^7v)] where the square brackets operation was 
introduced in the 3.1.2 subsection - it projects on the spanje"*^*, ..., e*^*} subspace. Or in 
terms of (|i(I)): 

[v^ (^w(t))]^ ^Jv^ {^N{t'))SN{t' - t)dt' (91) 

So we provide the diffeomorphism of the mode-regularized theory: 

4>% = p'm + ^[v\vn)\^ (92) 

i^], = i^], + e[d,v\pNWj,]^ (93) 

Which is really a diffeomorphism if e is small enough (because it is an identical diffeomor- 
phism for e = 0). As long as this is nothing but the coordinate change in a finite-dimensional 
integral, the answer will stay unchanged. 

The measure will obviously stay invariant under such transformation. But the inserted 
observables as well as the action and the delta-function will not transform as in the continuous 
(infinite-dimensional) case as we'll see later - their transformation will give rise to some 
additional anomalous terms that will explain the anomalies obtained in the Naive approach. 

So we start again from the two-point correlator of the interacting theory (|82p , but written 
in a mode regularization with cut-off parameter N: 

, ,. . , ,, . ,, /n„#»#n<^^(ti)0^(^2)e^^i^"'°'^"^"+"^^"^^"-^^— ■}j(0V(7r)) 

(94) 

And provide diffeomorphism (|92 p - (j93p . The finite-dimensional measure dcjidtp stays in- 
variant while the delta-function, the action and the observables do transform nontrivially. 

We'll pick up the first order in e below and will study the corresponding Ward identity 
that will definitely hold. We'll write it in a form "Naive Ward identity = anomalous terms" , 
appropriate for the comparison with our naive Ward identity and will localize the anomaly 
in such a way. However, we will not analyze all the three non-invariance contributions 
mentioned above - we'll be satisfied by finding the non-zero effect in the lowest order in 
perturbations that will be the effect of only one of them . 
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4.2.1 Delta-function non- invar iance 

The delta-function transforms as follows: 
-^^'^ (^JvW) = S^''^ (^^N{n) + e [v {mi^))]N ) 

d 

+eY,s{^'An))s[^li7T))...S'[^U^))...s[^%{n))[v\^N{n))]^ + o{e) (95) 

i=i 

where the expansion in e makes sense only inside the integrals and presence of the delta- 
functions derivative means that we should integrate by partQ. 

Wc substitute (P5|) into the r.h.s of (|M)) . integrate by parts by (/?q in the terms containing 
S' ((/)5Y(7r)), extract the 0(e) contribution and get: 

\ ^^0 I ab 

where the first term arose from the factor [w' ((^Ar(7r))]^ in ([^ after integration by parts, 
the second and the third came from the observables and the fourth term appeared due to the 
action dependence on (pg. We used the notation ab again to disallow contractions between 
ip'^{ti) and if\^{t2) because the appropriate terms are canceled out due to the denominator 
of (|94p . Wc can also notice that -r— [u* ((y9Ar(7r))] ~ \diV^ (iy9jv(7r))] . It is convenient to 
rewrite (j97p in a following compact way: 

-e{D{rN{h)4>\{t2)}) (98) 

with D being a differential operator: 

D = [d^v' {ipn{t^))\^+ K (<^N(7r))]^ -^ / \dke,{ipNWN + dk{de\ji})^^%^ dt+ 

d_ 

Notice that this really contributes because of the projector [■]n presence: div''{(pN{Tr)) 
and v^{ip{Tr)) vanish inside the correlators (due to J^'*' ((/?(7r))) while [diV^{(pN{Tr))] j^ and 
[«'(^(7r))]^ don't. 

The delta-function non-invariance was absent in the naive approach at all. 

4.2.2 Action transform and its non-invariance 

After we provided the diffeomorphism (|92p - ([M)) . the change of the action is: 

^Sreg = £ /h^°^ [v'i'f n)] j^ ^% + K (<^w)] ^ (de(^Ar))fc,(^V + 2^!°^ [afcw''(¥.jv)V^^] ^ V^W + 



+ [v^i^^(n))]^^— (99) 



''in fact, the following holds: 

I dxS {x + eg{x)) f{x) = j dx5{x)f{x) + e j dx5'{x)g{x)f{x) + o(e) (96) 

with appropriate restrictions on g{x). In (|95[l we used this "Taylor expansion" for the delta-function. 
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+ [v'']^^k{de{ipN))^,^'N^'t, + 2{de{^N))^, dkv\vN)^''\ ^^i^'}dt (100) 



N 



Notice that / [u*((pw(t))]^<i5Jv(t)dt = ^ v\^N{t'))5N{t'~t)dt'^'j^{t)dt = J v'{ifN{t'))ip%it')dt' 
and analogously / dkV^{ipN)iJN tplfdt ^ J dkv'^{(pN)^p'^ip-'j^dt. So we have: 



N 



ASreg = £ / {iolf v' {ipN)ip% + [v'' {ip n)] j^ ide{ip n)) kt^N + 2iolf dkvHipN)4'N^N + 



+ [v'']^dk{de{^N)hi^WN + 2{de{^N)h dkV^^N)^^'' ^y)dt (101) 



N 



We see that the last expression is different from the one obtained in the naive case (see ([501 
- [5T|) ). Namely: 



A = 



AS„ 



AS 



reg 



= / dtl (v'^i^N) - [v''{^N)]r^) {de{^N))kr^N+ 



^''' - ["'']N)^k{de{ipN))^Ji>WN + 



+2{de{ipN))rj [dkv'{ipN)i' - dkv'{ipN)ip' 



N 



1p^ 



(102) 



This difference will be referred to as the action non-invariance. Notice that it naively 
vanishes in the N ^)- oo limit. However it still can contribute if one takes off the regularization 
carefully - at the end of the computations. 

4.2.3 Observables non-invariance 

The observables transform as follows: 

0^(<i)0^(<2) ^ ip%{h)^%it2) + e^%{h) [v" (^jv(<2))]^ + e K {VN{ti))]N ^{h) (103) 

Non-invariancG generated by this transformation, namely the difference from the naive setup 
case is: 



o = 



naive — proper 






(104) 



Again it naively vanishes in the N ^ oo limit. 

Our following step will be to gather the 0(e) terms altogether and to obtain the Ward 
identities. As long as in the proper approach we make diffeomorphism of the finite-dimensional 
(i.e. well-defined) integral, these identities will really hold and will show why the naive ap- 
proach failed. 



4.2.4 Ward identity 

Let us gather together all the terms above and write the 0{e) contribution. It should vanish 
and certainly will. We'll write it in the form "naive Ward identity (N.W.I.)" = "proper 
non-invariant terms" : 



N.W.I. = (D {v%{h)v%{t,)})l + {Av%{h)^%{t2))l + (O) 



IN 



(105) 
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where "N.W.I." equals to the l.h.s of ([85]) . Notice that D is a difFcrcntial operator and we 
have: 

^%{h)^%{t2) K (^Nin))]^^ J [dkC^i^N^N + dk.{de),j^'^^%} dt^ _ (106) 

So we have three possible anomalous terms - D describes delta-function non-invariance, A 
describes action non-invariance and O describes observables non-invariance. 

4.2.5 The zeroth order identity 

Similar to the naive setup, we pick up the zeroth order in ei(</j) from pOSp . Let us analyze 
different contributions: 

1) O from (|104p doesn't contribute as 

{^%ih) [v\ipNit2))]j^)N = J {^''ih)v''iipNmNSN{t-t2)dt 

and in the zeroth order in ei{ip) we have 

°(^nii)^''(^ivW))^=0 (107) 

as long as v^{ip) starts from the quadratic terms and we have ^{'p]^{t)(p]^{t))N = in our 
prescription. Moreover, in our case O won't contribute in all orders in ei{ip) as long as 
[w" {^N{t))]pj — f" {(pN{t)) contains only higher Fourier modes in t - modes with absolute 
value of mode number greater than TV. But this means that every Fourier mode with finite 
number vanishes in the A^ — > cxd limit and if the answer exists at all - it should be zero. 
In general we could consider such observables that this argument wouldn't be true (e.g. 
integrated observables), but in our case O doesn't contribute. 

2) D from (|106p contributes but only the first term is relevant. The second and the third 
terms vanish in the zeroth order for the same reasons as (|107p . The last term in (|106p is of 
the higher order in 6^(1^9) and we neglect it. 

3) A from (|102p is of the higher order in ei{Lp) and thus is not relevant. 

4) The zeroth order (in 6^(1^9)) part of the l.h.s. of (jlOSp . i.e. the zeroth order part of the 
naive Ward identity (|85p has already been calculated in the 4.1.2 subsection and is given by 

dMl). 

So after all we are left with the following terms: 

-n'0i;ie'i;]d,AAv\o)A^^\ti,t2) = °(^^(ii)^^(t2) [^.^^(^.^(Tr))]^)"'' (los) 

But one can notice that [diV^ {(p{tt))\ ^ is nothing but the anomalous vertex (j56p where 
one has replaced ei{(p) by ujj^^v''. Thus we can use the result (|63| for the r.h.s. of (jlOSp and 
find that (jlOSp really holds - the anomaly of the naive Ward identity is canceled out by the 
term ((/J^(ti)(/)^(t2) [div"^ i'PN{'n'))]^)„ which describes delta-function non-invariance. 

This shows that in the lowest order in perturbations the Ward identity holds. Although 
we arc not analyzing the higher orders, it's clear that it holds there too, just because the 
proper prescription deals with finite-dimensional space of fields. 
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5 Discussion and conclusions 

The current paper was devoted to the study of the general phase space covariance of quantum 
mechanics. We have been working in the path integral formalism with a special model 
theory ^. During this study we have seen that the naive bosonic path integral ^ (in the 
phase space) is an ill-defined object as it gives rise to an extremely divergent theory. The 
solution of the problem was to "supersymmetrize" it by adding anticommuting ghost fields 
transforming in a proper way, such that the modified theory became finite and well-defined. 
At the end of the day we found that the quantum answer was not invariant under classical 
diffeomorphisms - it behaved anomalously. And the source of the anomaly was the whole 
path integral becoming non-invariant after regularization. 

In the first half of the paper the super-improvement was discussed. The framework was 
formulated and its self-consistency was proven. The main idea of the method was to replace 
a naive bosonic measure by a super-modified one: 

Then some illustrative examples as well as an important discussion of the anomalous vertex 
were performed. 

From the "Examples" chapter we have studied that our theory has a peculiar issue con- 
nected with the specific behavior of correlators. Correlators of observables in the phase space 
contain jumps in their time dependences. The value of the given correlation function at the 
point of this jump is not fixed in general and depends on the regularization (for example 
it depends on the form of UV cut-off in our case). When providing perturbative analysis 
one often has to compute the integrals of the form / f{t)S{t — to)dt, where the function /(i) 
contains jump at the point t — tg - we face such troubles when considering A'")(ti, ...,i„). 
Such integrals need regularization badly and their values depend on it. 

Then the problem of general covariance was discussed. We were interested in a diffeo- 
morphism action in our theory. The naive approach to the subject was to make a classical 
diffeomorphism ([771 [75]) in our super-space first, not worrying about regularization at all. 
Such way of thinking gave rise to the anomalous Ward identity ([55]) . In the lowest order in 
perturbations it was found (see ([57|) that the source of the anomaly in such approach was 
the anomalous vertex had been obtained before. We have seen that, roughly speaking, the 
ambiguity appearing when integrating jump with the delta-function generated the anomaly 
in the lowest order. 

However then we described a proper prescription, which demonstrated the real origin of 
non-invariance. The proper prescription said, that one had to introduce the regularization 
first and then work in terms of the regularized finite-dimensional theory. The notion of 
diffeomorphism had to be modified as long as the classical diffeomorphisms didn't respect 
the mode-regularization - they spoiled the cut-off, generating modes with mode number above 
the cut-off parameter A^. That's why we had to introduce the "regularized" diffeomorphisms 
(|92[ I93p - finite-dimensional diffeomorphisms of the regularized theory imitating classical 
ones in the N ^ oo limit. However all the components of the path integral construction 
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became non-invariant after such modification, or more precisely, they transformed in a non- 
classical, non-covariant way under these regularized diffeomorphisms (for the fixed finite 
cut-off parameter N). These non-covariances are treated as the real origin of the anomaly 
in a modc-rcgularization prescription. 

We have computed separately all the potentially anomalous terms - the delta-function 
anomaly D (sec ([M)l ). the action anomaly A (see (|102p ) and the observables anomaly O (see 
(|104p ). All these three terms could in principle contribute if we considered higher orders 
of perturbation theory and arbitrary observables. However we were satisfied by locating 
the lowest non-trivial anomalous contribution - it came from the delta-anomaly D in our 
case. Notice that in general one could replace the delta-function zero-mode regulator (the 
evaluation observable) by a non-zero Hamiltonian. In such case the delta-function non- 
invariance would be replaced by the Hamiltonian non-invariancc (which would be almost the 
same as the action non-invariance). 

In general it would be interesting and important to study the higher orders (where A 
and for special observables also O starts to contribute) and to explore how the classical sym- 
metries are deformed at the quantum level and give rise to the Kontsevich's Loo-morphism. 
But we leave this beyond the current paper as a topic of an upcoming research. 

One could ask an interesting question, whether the claimed anomaly was an artifact 
of the regularization (which by itself was non- invariant under diffeomorphisms), or it was 
a fundamental property of the theory. We know that there is no quantum answer for the 
problem ([3]) that could be invariant under classical diffeomorphisms. Thus we could conclude 
that the anomaly was a fundamental property of the theory. And what we have done is just 
the analysis of this anomaly in a mode-regularization prescription. However it would be 
much better to study the subject in another framework with some alternative regularization 
as well in order to understand if anything depends on it. This alternative regularization 
is time-slicing (or cquivalently discretization, or lattice regularization). In such case one 
replaces continuous time by the set of N points, continuous fields (f>^{t), ip'^{t) - by the set 
of their values at these points: 0^, ipl. and considers the following object: 

J n d^ld^kU^i^N - ^i exp ^ Y. {«.('^fe)(0Ui - ^l) + u^^MkWk^i} (110) 

k.i i k 

where measure, delta-function and ujij{(j)k)ipl.4'l. term arc invariant under classical diffeomor- 
phisms! The only term that behaves in a non-classical way is ai{(f>k){4'ku^i ^ 4'k)- However 
despite of this seeming simplification, the time-slicing approach needs some extra analysis 
and additional assumptions as in our special case the proper continuous limit A^ — > cxd doesn't 
exist even for the quadratic theory! This is connected with the delta-function making an ille- 
gal operation - fixing coordinates and momentums at the same point. So one needs to think 
over this subtle issue carefully and thus we leave this for an upcoming research as well. 
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A Bosonic divergences 



First we need to find a propagator: 

/ n„.. dcj^i, nti siEn m-^r x«)e-* ^^ ---^ *-""^" 

(111) 

°(0*(ti)0-''(t2)) - x'xJ +*M;^o)G(ti,t2) (112) 

Where 0(o) = (w^"')"', G(ti,t2) = E„,™G„,™e™*i+'™*^ and: 

G„,™ = J- 1^!^ - ^(-1)" + ^(-1)' 
Ztti I n n m 

Go,o - (113) 

Notice that we think of it as of an infinite-dimensional matrix, inverse to ttuj^, nSn+m - again 

we don't care about correctness yet. 

From (|n|) we see that the only interaction in our theory is 6^(0)0' which is in fact a series 

of interactions: ei(0)0* = ^^a,^a.2e^{0)(|)'''(|)''^^' + j,da,da^da^e,{0)<l)''^(f>''^(f>''^^^ + ... (wc can 

neglect linear term due to the periodic boundary conditions in time and get rid of the 

quadratic term by relating it to the free part of the action). 

It makes sense to introduce diagram rules for the further considerations. 

Diagram rules in the coordinate space 

Let us denote a free propagator by the line: 

i,ti Lt2 

\<^\hW{h)) = (114) 

and introduce a convenient notation for the interaction - a vertex with an arrow on the leg 
containing the time derivative (as in [[article]]): 

/ 

^^da,...da,emr'{t)-r''{tw{t) = ^^- '■■ ^^ (115) 

Diagram rules in the momentum space 

Again denote a free propagator by the line: 

/, n j, m 

'{<t''n<t>L) = (116) 

and interaction - by the vertex with an arrow on the leg containing the time derivative: 

a^.Oj i,s 

Now let us try to compute an interacting propagator up to the second order, or at least 
observe, how these computations could be provided. For simplicity assume that ei((f)) ~ 
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0'i^j.k<t>' (p contains only quadratic terms. Then an interacting propagator is given by the 
following series of graphs: 

=— ^ O- ^ O- ^ O ^ O ^ O ^ *oo^... (118) 

As we see, they contain several types of loops. These loops bring some divergences and 
ambiguities. For example the loop: 



corresponds in a momentum space to Y.n,7n s(j)\5„+rn+sGn,m = ^i^s Y.n ^ which is a log- 
arithmic divergent expression. But here we can notice some effect - in the case of an odd- 
dimensional space-time (which is our case) logarithmic divergences are not real divergences - 
they don't need any counterterms to cancel them, all we need to do is to provide some kind of 
ultroviolet regularization - an UV cut-off in our case - and the logarithmic divergency won't 
take place any more. Instead of it a logarithmic ambiguity appears - the answer depends on 
the form of the UV cut-off. This shows us that at least we have to replace a formal infinite 
sum in Q by the finite one with some limiting UV parameter N. 
The loop of the type: 



As well as the loops: 

are not logarithmic but linear divergent! Indeed, every propagator is proportional to the 
inverse power of the momentum and every arrow on the leg (indicating derivative) is "pro- 
portional" to the first power of the momentum. Thus as soon as the loop contains equal 
numbers of propagators and arrows, it can produce a linear divergence. Indeed, the first 
loop is proportional to Y.n,7n ^n+m+snGnm = 2#i Sn 1 ~ 2^" ^hich is a linear divergence. 
The same can be obtained for the second one. These are real divergences that should be 
cancelled by some manually added counterterms at this point of consideration. 

The situation becomes really weird if we notice that there exists an infinite series of 
wheel-like diagrams all being linearly divegrent: 



P'<:k'0-'A'A- 



such series often indicates that the theory is non-renormalizable as long as every set of 
diagrams of the series with the fixed number of external legs needs a new type of counterterm 
to be introduced. It looks natural and strange at once. People know - interactions containing 
derivatives often happen to be non-renormalizable, but they are also used to the fact that 
one-dimensional theories are finite. So what we have to do? 

Again we see that we need to provide an ultraviolet cut-off to make a sence of all this. And 
more - we need to add counterterms. The good thing is that all the necessary counterterms 
are encoded in ^ which leads us to the super-improvement idea. 
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B Cancelation of divergences 

Lemma 1: Every non-ghost loop that contains less number of internal arrows (indicating 
time derivatives) than internal propagators is finite. For example: 




Sketch of proof: Notice that an ultraviolet behavior doesn't depend on the infrared one 
and thus we can think for a moment that Gnm = t^ ""*'"' ; i-e. that the bosonic propagator 
conserves momentum (one can check if needed that this really doesn't affect the divergences) . 
After that we can provide the following argument: suppose the momentum p circulates over 
the loop; when p — > oo every propagator carries the factor - and every internal arrow gives 
rise to the factor p; then as soon as we have more propagators than arrows, total loop 
is proportional at least to the first inverse power of p; thus it converges in a sense of mode 
regularization due to the Observation 4 - because in our theory expressions like ^ - are finite. 

Now consider a ghost loop with n vertexes: 



Lemma 2: this diagram cancels the divergent part of the sum of non-ghost loops with n 
vertexes and with equal numbers of internal propagators and internal arrows: 




:AA-ii* 




Proof: Let us introduce a convenient notation for such diagrams. Go around the diagram 
in a clockwise direction, numerate vertexes and for the fc'th vertex say that it is of the type 
" c" if the appropriate arrow is in the clockwise direction to the vertex and we say that it is 
of the type " a" if the appropriate arrow is in the anticlockwise direction to the vertex. We 
also associate indexes ik and jk to each vertex (i - to the internal leg without arrow and j - 
to the internal leg with arrow). Denote such a loop as follows: Loop ^^"'^^^"'^ , •■•7^"''" where 
dk indicates the type of the vertex and is either "c" or "a". We'll also associate an analytical 
expression to the Loop[ ] in a natural way: 

Loop \^^-:^^- , ...,^"^" ] = \^-{hWHh)) \^^{t2W^{h))...^{^-{t,,W-{t,)) (119) 

which is nothing but the product of internal propagators along the loop. In terms of Loop[ ] 
we can write the total contribution of our loops as follows (we don't mind about external 
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legs explicitly): 



Notiee that: 



dti...dtn ^ di^ej^{4>{ti)) ...di^ej^{4>{tn)) Loop 

dfcSJc, a} 



njl 1232 Injn 

di 'd2 ' ■■■'d„ 



(120) 



/ dtidi,ej,Loop\i'^\ 



«2J2 ^n3n 

c I ■••ic 



dii9,,e,, °(0'i(ii)(/.^ni2)) "(0^Mi2)</'^ni3))...°('/'^"(in)'/''Mii)) = (intagrate by parts) 



- j dh^\h)dpd,,e,, °(0^nii)0'^(i2)) °(</)-''Hi2)0*ni3)).-°(0^"(i«)0^H^i)) = (n ^ ji) 

= - / rfii9ji e,, Loop ['^iJi ,j;=J'= , ...,*^"J" ] + regular part (121) 

Now we can see that: 

dtA.e,, {Loop [^^Sj?^= , ...,^^" ] + Loop [^^^S^^= , ...,^^" ]) 
= / dti (Sjieji - dj^CijLoop [^i-'i ,^^^^ , ...,*"•'" ] + regular part 
= / dtidci^j^Loop []}^\]?^^ , ...,c"-'" ] + regular part 
Analogously one can show that: 



(122) 



(EQD = V... f ^j J dh...dt„{de),,j, ((/.(ti))...(de),„,„ mr,)) Loop\l'^\ ...,l-^-] ...j+reg 

(123) 
Naively one can see that Loop [*^^% ...j^"-'" ] ^ S{0) + reg. Let us calculate it in a mode- 
regularization framework. Consider a loop in the momentum space: 




To calculate its divergent part we can again put Gn,m = 2^ "n"* ' ^0,0 = and also vanish 
external momentums pk = 0. Then we can put ^ {{4'^)n4'ia) ~ ^^^fo) '2^"' ^^'^ finally get an 
expression for the loop: 

tZ ) (0) (0)' ■ ■ ■ (0) 2-^ "gi+m2'Jq2+m3 • ■ • '^g„+mi "gi+mi '^92+^2 ■ • ■ ^qn+m-n (1^4) 

Here (5gj^+mi, <^(j2+m2j ■ • • i^9„+m„ come from the vertexes. Providing trivial summation one 
gets: 

^^ - (S)"^(or^(or •■•^for e ^ - (S)"'(or^(or •••^(or^A. (125) 

^ / q=-N..N ^ ■^ 



34 



that is a linear divergent expression. Now let us consider a ghost loop. It's contribution: 
^) Jdh...dt,,de,,,, (0(ii))...de,;„,„ ((/)(i„))(-l)2"-i2"x 

X [°(V'^'iV*')°(V'^''V'*')---"(^^"'/''')] ••■ ) (126) 

where factor (—1)^""^ = —1 reflects the parity of permutation we have to perform to trans- 
form ■0'i?/)^i-0'2?/>^2...?/)'"?/!^'' into ■0''i-0'^?/»^^-0'^...-0''"?/'*i and factor 2" reflects an additional 
symmetry of the diagram: we can change ip^'' f-^ tp^'' as they contribute into the vertex in a 
similar way. Divergent part of (|126p is proportional to (5(0), now we want to show that it is 
exactly the divergence of (I120p . To do that we calculate the ghost loop in the momentum 
space (using ghost propagator): 

_9" I _ 1 Qhi2nJ2i3 nj-n'il \^ A A AAA A 

\ A I (0) (0) ■ ' ■ (0) / J "(Ji+rn2"g2+"i3 • • • U(j„+Tni "gi+mi "(}2+rn2 ■ • • "g„+m„ 

^ ^^ {g},{™} 

(127) 

Here again 5gj_|_,„j, (5g2+„i2i ■ • ■ i ^qn+nin come from the vertexes. After trivial summation: 

^ ^ q=-N..N ^ ' 

(128) 
Now we see that (jl28p and (|125p differ by sign and also by the finite contribution of ghost's 
zero mode. Then when (jl20p and (|126[) are taken together, divergent parts do cancel each 
other and finally we get the statement of the Lemma 2. 

Observation 5: Now when we have Lemma 1 and Lemma 2 in our disposal, we automat- 
ically have the fact that any correlation function in momentum space {(p"^,^ ...(j)]^ ) is finite. 
Indeed, application of Lemma 2 gives that we can get rid of ghosts at all together with non- 
ghost loops with equal numbers of propagators and internal arrows (note that number of 
internal arrows is less or equal to the number of propagators) . After all Lemma 1 guarantees 
that all that is left is finite. 
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